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Question I[10 points]. Tchebycheff polynomials of the second kind are defined by
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Show that the set {U,(z)}, —1 < z < 1, is orthogonal relative to the weight function w(z) = v1 — 22.
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Question I1[14 points]. Find the Fourier series of the function
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Question ITI[8+4 points|.

" (a) Find the half-range Fourier cosine expansion of f () =sindz, 0 <2 <3%.

(b) Use part (a) to show that
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Question IV [15+3+4+2 points]. Consider the following eigenvalue problem

{y”~4y’—|-,\y=0, ezl

y(0) =0, y(1) =0.
(a) Find the eigenvalues and associated eigenfunctions.

(b) Put the differential equation in self-adjoint form and find its weight function.
(c) Use (a) and (b) above to obtain the eigenfunctions expansion of f(z) = e w1

(d) Use (c¢) above to show that
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Question V [5+5 points]. If the linear operator L is defined by
Ty = a@)y/ (@) + ba)y (@) + (e)y(a)
and the linear operator L* defined so that
Ly = [a(2)y(2)]" — bla)y(@)] + c(z)y(z)
then we say that L* is the adjoint of L. If L = L*, then the operator L is called self-adjoint.
(a) Show that if

Ly = p(z)y"(z) + ¢ (2)y'(z) + [a(z) + Ar(z)]y(z)
then L is self-adjoint.

(b) For L defined in (a) show that
zLy —yLz = [p(zy — 2'y)] =
2

is satisfied if all derivatives exists.
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